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Probability Density Functions of Acoustically Induced Strains
in Experiments with Composite Plates

Alexander Steinwolf¤ and Robert G. White†

University of Southampton, High� eld, Southampton SO17 1BJ, England, United Kingdom

Composite structures, which are widely used in the design of � ight vehicles, exhibit nonlinear behavior under
in-service acoustic excitations typical of jet engine ef� uxes. Therefore, the responses of such structures can be non-
Gaussian randomprocesses. The dynamicstrains in carbon � ber-reinforced plastic plateswith clamped boundaries
have been investigated experimentally in a progressive wave tube. Computer analysis concentrated on evaluation
of the probability density function and its skewness and kurtosis parameters, which describe deviations from the
Gaussian (normal) law model.The results showthat a great lack of symmetry exists in the distributionplotsof strain
instantaneous values, and this in� uences peak probability density functions. The latter characteristic is the focus
of attention for � ight vehicles because it is associated directly with fatigue damageaccumulation,which may be the
cause of failure. The analytical description of these phenomena is also discussed. Approximation of instantaneous
value distributions is made in the piecewise-Gaussain form and yields peak distribution formulas that are similarly
constructed from Rayleigh law sections. The main advantage of both these solutions for experimental data � tting
is that the probability density expressions obtained are convenient for use in subsequent theoretical modeling.
Accuracy of the proposed method is demonstrated via a number of examples.

Nomenclature
B j = borders between the sections of the tetranormal

probability density function
f .s/ = probability density of peaks in a strain response

signal
ML = probability distribution central moment of L th order
m = mean value of probability distribution
n = number of points in experimental time history records
P.u/ = probability density function
Px Px .u; v/ = two-dimensional joint probability density of a strain

process x.t/ and its derivative Px.t/
R.s/ = averaged number of positive crossings of the level s

by a strain response process
V j = variances of sections of tetranormal probability

density
x.t/ = time history of the strain process measured
® = non-Gaussian parameter of tetranormal and binormal

probability density functions
¯ = non-Gaussian parameter of tetranormal probability

density function
° = kurtosis of probability distribution
¸ = skewness of probability distribution
¹ = argument of the vertex point of probability density

function
¾ = root mean square value of strain response signal

I. Introduction

T HE use of composite materials, and particularly carbon � ber-
reinforced plastics (CFRP), in the design of � ight vehicles is

increasing and is likely to continue to increase in future. The high
modulus of elasticity of carbon � bers facilitates the constructionof
components with a very high stiffness-to-weight ratio. The merit
of this property in relation to � ight vehicles is obvious, and it is
this application that has received considerable attention in recent
times.1– 3 In service, vehicle components are subjected to various
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dynamic excitations. One of the main problems for panels is the
high-frequency loading due to acoustic excitation in regions close
to jet engine ef� uxes. Therefore, response predictionmethods must
be developed for CFRP structures under acoustic loads, and this
necessitatesthe study of the nature of the dynamicbehaviorinduced
by random excitation. Most theoretical and experimental work on
composite plates involves strain predictionand measurement rather
than stress.

Previous studies3 – 5 on the dynamic response and acoustic fa-
tigue of CFRP plates showed that the strains induced are indica-
tive of nonlinear behavior that is usually encountered in beam and
plate structures at large de� ections.1 ;6 ;7 The main cause is geomet-
rical nonlinearity. Small de� ection linear bending theory neglects
the contribution of the in-plane component to total strain energy.
When the in-plane stretching effect was included in the bending
formulation, the relationshipsfor large displacementwere found to
be nonlinear in a manner similar to the single-degree-of-freedom
Duf� ng system with a cubic term in the elastic force.4 ;6 This term
re� ects an increase in, and the nonlinearnature of, the tensile forces
in the midplane of the plate or beam. The result is not only that the
de� ections are smaller than those predicted by linear theory but a
different kind of behavior also occurs. For sine excitation there is a
jump of the amplitude during frequency sweeping. For broadbend
random loading there is an in� uence of the excitation level on the
shape of the response power spectrum: its peaks, corresponding to
structurenaturalfrequencies,becomebroaderand tend to higherfre-
quencieswith the increaseof excitationlevel.Bothphenomenawere
observed experimentally for beams6 and plates5 of aluminium al-
loy and composite laminatedmaterials.A principalconclusionfrom
these studies is that for composites nonlinear behavior occurred to
a greater extent than for the metallic structures.

The main peculiarity of a nonlinear system is to produce a re-
sponse with extra properties absent in the loading. For sinusoidal
excitation, this feature manifests itself as an appearance of higher
harmonic components multiple to the driving frequency. In the case
of random excitation, nonlinearity leads to transformation of the
instantaneous-valuedistribution.Even if thenoiseexcitationis close
in its propertiesto theGaussianrandomprocess, theprobabilityden-
sity functionof the responseof a plate, in particular,is notadequately
represented by the normal law. Therefore, to proceed from strain
process measurements to their subsequent analytical modeling, for
example, in fatigue predictionproblems, it is often necessary to ap-
proximate the probabilitydensitiesof a stationary random response
in a way that describes deviations from the normal distribution.
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The principal parameters characterizing non-Gaussian features
of a probabilitydensity function P.u/ are its skewness and kurtosis
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governed by central moments of the distribution
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is describedby two parameters:mean valuem and variance¾ 2. (The
latter coincides with the second central moment M2.) Skewness
and kurtosis of the Gaussian probability density (3) are constant
(¸ D 0; ° D 3) and cannot be � tted to the correspondingvalues of
the experimental distributionobtained from measurements, such as
shown later.

For approximating abnormal probability densities, the Gram–

Charlie and Edgeworth series, as well as Pearson and Johnson dis-
tribution families, are used.8 After eliminating the mean value and
passing to the nondimensionalargument Qu D .u ¡m/=¾ , each prob-
ability density functionhas two additionalvaried parameters to pro-
vide the prescribed skewness ¸ and kurtosis ° magnitudes, besides
m and ¾ . However, at considerable non-Gaussian deviations, the
truncated expansion into series form

PGC .u/ D .1=¾
p

2¼/exp.¡ Qu2=2/f1 C .¸=6/ Qu. Qu2 ¡ 3/

C [.° ¡ 3/=24]. Qu4 ¡ 6 Qu2 C 3/g (4)

can create meaningless negative values at the tails of the dis-
tribution.8;9 This is most probable when the kurtosis value ° is
less than 3 as for the normal law and, consequently, the last term
in expression (4) becomes negative. Furthermore, in contradiction
to the behavior of strain processes in CFRP panels, the probability
densityfunction(4) may acquireextramaxima besides the main one
near the mean value. The distributionsof Pearson and Johnson (see
Ref. 8) do not have these drawbacks. Two of them, Pearson’s type
IV

PIV.u/ D C.1 C u2=a2/¡³ exp[¡b arctan.u=a/] .5/

and Johnson’s Su type
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a. Qu2 C 1/¡ 1

2 exp
©
¡0:5[b C a log. Qu C

p
Qu2 C 1/]2

ª
p

2¼

(6)

have unlimited scope of argument u, which is necessary to be ap-
plicable to the problem under consideration in this paper.

Like the Gram–Charlie series (4), both approximating functions
PIV.u/ and PSu.u/ involve skewness and kurtosis, however, in im-
plicit form through parameters C; a; b, and ³ . Moreover, these pa-
rameters cannot be expressed in analytical form. Some comments
are presentedin Ref. 8 aboutpossiblenumericalsolutionsand tables
available for this purpose. It is concluded in Ref. 8 that probabil-
ity density functions (5) and (6) are very dif� cult to handle com-
fortably in practice. In this regard, there are some advantages in
the piecewise-normalapproximation procedure10 developed for � t-
ting symmetrical non-Gaussian distributions with various kurtosis
values. This study,10 together with that in Ref. 11 devoted to non-
Gaussian aspects of ground vehicle suspension vibration, extends
the approachto the case of asymmetricaldistributionsobserveddur-
ing the processingof data records of acoustically induced strains in
� ightvehiclecomponentsthathavebeenobtainedin theexperiments
described in the next section.

II. Experimental Facility and Results
of Instantaneous-Value Distribution Processing

The apparatus3;5 used for acoustic excitation experiments con-
sisted of a large horn, which was exponential in shape about one
axis and tapered along the other, with a rectangular cross section

Fig. 1 Plate dimensions (in millimeters) and strain gauge locations.

a) Sound pressure level 154 dB (kurtosis ° = 3:35)

b) Sound pressure level 160 dB (kurtosis ° = 3:25)

Fig. 2 Probability density functions of the acoustic excitations gener-
ated by progressive wave tube (——) and the Gaussian law (– – –).

coupled to a tunnel. The 7:0 £ 0:3 £ 0:6 m tunnel was driven by an
electropneumatic exciter (WAS 3000 siren) via the horn and had a
sound absorbing termination at the other end. The test section had
the facility for mounting test panels, clamped in steel frames, in the
wall of the horn.The � at plate tested was clamped on all boundaries
in the frame to give an exposed area of 330 £ 200 mm (Fig. 1).
The plate was constructedof eight layers of LaRC (NASA Langley
Research Center)-RP46 compositematerial with unidirectionalcar-
bon � bers having C45-, ¡45-, 0-, 90-, 90-, 0-, ¡45-, and C45-deg
orientations relative to the longer edge. The constructionwas cured
in an autoclave, and the plate had a thickness of 1 mm and a 60%
� ber volume fraction.

Sound pressure signals were acquired through a microphone
mounted near the panel inside the tunnel. Resistive strain gauges,
located at the center of the plate and near the clamps (Fig. 1), were
used to measurethe surfacestrainsinducedby theacousticexcitation
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a) Sound pressure level 148 dB, horizontal gauge (skewness ¸ = 0:003,
kurtosis ° = 3:01)

b) Sound pressure level 154 dB, vertical gauge (skewness ¸ = 0:30,
kurtosis ° = 2:95)

c) Sound pressure level 160 dB, vertical gauge (skewness ¸ = 0:45,
kurtosis ° = 2:55)

Fig. 3 Strain probability distributions near the clamp (——) and the
Gaussian law (– – – ).

with a frequency bandwidth from 80 to 800 Hz and overall sound
pressure levels up to 160 dB. Excitation with such parameters is
usually considered as a model of the noise produced by jet
engines.3;12 Power spectral densities of strain responses for all
gauges had a peak at 200 Hz related to the � rst natural frequency
of the plate. For vertical gauges it was the only resonance de-
tected, and higher natural frequencies were not excited. Response
signals from horizontal gauges included a noticeable contribution
from the second natural frequency (about 420 Hz) in addition to the
� rst.

The time historiesof strainresponsesand acousticexcitationwere
converted from analog to digital form by the use of an HP3566A
system. The data analysis algorithm concentratedon determination
of the instantaneous-value probability density function as well as
calculation of skewness and kurtosis values (1). The moment char-
acteristics were found by time averaging:

M x
L D 1

n

nX

i D 1

[x.i1t/ ¡ m]L ; m D 1
n

nX

i D 1

x.i1t/ .7/

in terms of ergodic random process theory. The number of points
n in time history records x.t/ was more than 40,000 and provided
1.3 and 2.7% accuracy of determination of skewness and kurtosis
values, correspondingly.Because the step character of a histogram
makes qualitativecomparisonwith the Gaussian law curve dif� cult,
the experimental distributions are plotted subsequently in the form
of a broken line connecting the centers of vertices of the histogram

a) At the center of the plate (skewness ¸ = 0:5, kurtosis ° = 3:15)

b) Near the clamp (skewness ¸ = 0:23, kurtosis ° = 3:05)

Fig. 4 Probability distributions of strain signals for the horizontal
gauges at 150-dB sound pressure level.

rectangles.The probabilitydensityfunctionsare presentedin nondi-
mensional form, i.e., the horizontalaxis representsthe ratio between
instantaneous values and the rms value ¾ of the strain response or
sound pressure.

At � rst, analysis of acoustic excitation data was performed to
verify whether non-Gaussian behavior to be discussed was caused
onlybynonlinearityof thecompositestructureconsideredor, in part,
alsoby somenon-Gaussiannatureof theexcitation.It isevidentfrom
Fig. 2 that the probabilitydensity functions of the acoustic pressure
producedby theprogressivewave tubearenotvisiblyskewedaround
a meanvalueof thedistribution.Therefore,asymmetricaldistortions
of the distribution shape observed for all strain gauges in a greater
or lesser extent were de� nitely caused by nonlinear behavior of the
plate tested.

For low sound pressure levels, the probability density functions
of strain responseswere close to the Gaussian law. Figure 3a shows
that suchbehaviorstill remainedfor somegaugesat a soundpressure
level of 148 dB. However, as the excitation level increased above
150 dB, nonlinearbehaviorof the test plate occurredand the proba-
bility distributionsof instantaneousvalues of all responseprocesses
(examples are presented by solid curves in Figs. 3–5) changed in
comparison with the normal law (dashed curve). The non-Gaussian
deviations increased with increasing sound pressure level (Figs. 3b
and 3c). They were dependent on the point of measurement. The
probability density functions of strain processes at the center of the
plate shown in Figs. 4a and 5a, appeared to be farther from the
normal distribution than those near the clamp presented in Figs. 4b
and 5b, correspondingly. (Figure 4 displays results for the 150-dB
excitation level, and Fig. 5 is for 154 dB.)

The non-Gaussian divergence manifests itself mainly as lack of
symmetry. All probability densities obtained in the experiments
were skewedfor the followingreason.The axial strainsin a vibrating
plate involve only tension and, therefore, they are single sided with
positive values. In consequence of this, positive values of the total
strain time history (Fig. 6) exceed negative values, and as a result
the instantaneous-valuedistribution is asymmetric.There were also
some deviations in distributionsharpness.Probability density func-
tionsof theacousticexcitation(seeFig. 2) appearedto be close to the
normal distribution, though slightly sharper than it (averaged kur-
tosis was 3.3). The strain responses tended to lesser kurtosis values
related to a smoother distribution shape. This occurred for vertical
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gauges (Fig. 5) more rapidly than for horizontal gauges (Fig. 4).
The phenomenon can be explained in the following way. Because
the plate resistance to bending loads increases when its de� ection
grows, high peaks in the response time history are more dif� cult to
produce than for a linear system with constant stiffness under the
same excitation. It means that the tails of the response probability
density are shorter than those for the excitation, i.e., the response
kurtosis is smaller.

The probability density abnormality of measured strain signals
was in evidence to such an extent that the attempt to � t the ex-
perimental distribution by the Gram–Charlie truncated series (4)
failed for reasons discussed in the preceding section. For example,
when the skewness and kurtosis values of the experimentaldistribu-
tion from Fig. 5a were substituted into expression (4) unacceptable
negative values appeared for nondimensionalarguments Qu less than
¡2:6 and greater than 4.8. This pitfall has been overcome via use
of the piecewise-Gaussianapproximation method.

III. Tetranormal and Binormal Distribution Laws
Let us constructa centralizedprobabilitydensityfunctionby join-

ing four sections of normal laws with different variances V j shifted
vertically by the value H j and horizontally by the value A j with
respect to the coordinate origins:

a) At the center of the plate (skewness ¸ = 0:44, kurtosis ° = 2:5)

b) Near the clamp (skewness ¸ = 0:32, kurtosis ° = 2:9)

Fig. 5 Probabilitydistributionsof strain signals for the vertical gauges
at 154-dB sound pressure level.

Fig. 6 Time history of a strain signal with an asymmetrical non-Gaussian probability distributions. (The data are presented on a nondimensional
scale after elimination of the mean value.)
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The joint scale coef� cient q has to be determined from the basic
condition

Z 1

¡1
Pa.u/ du D 1

for function (8) to be a probability density.
Suppose that the distributionunder approximation is skewed and

the border B2 between the second and third sections coincides with
argument ¹ of the distribution maximum. For the non-Gaussian
case, the magnitude ¹ is not the same as the mean value m. To
locate a vertex of the constructed probability density Pa.u/ at the
distribution maximum point, it is necessary to set horizontal shifts
A2 and A3 of the second and third sections equal to ¹. Thereafter,
the conditionof continuityof the function(8) at the pointu D ¹ also
requires equating the vertical shifts H2 D H3 D H . Then, passing
to other joining points B1 and B3 and providing continuity not only
in the function Pa.u/ but also in its derivative, we obtain the � nal
expression for the tetranormal probability density11;13
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where all coef� cients C; ½; Y; Q; H; D j presented in Ref. 11 are
functions of two independent parameters ® and ¯, which are addi-
tional in comparison with the Gaussian law (3). Therefore, it be-
comes possible to approximate empirical distributions not only by
mean value m and variance ¾ 2 but also in terms of skewness and
kurtosis. For this purpose formulas for skewness ¸a and kurtosis °a

of the tetranormal law (9) in terms of its ® and ¯ parameters have
been derived:
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where expressionsfor E.¯/; g.¯/, and G.¯/ can be found in Ref. 11
and other coef� cients are as follows:
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The tetranormal asymmetric probability density Pa.u/ constructed
is rigorously positive and has only one vertex for any permissible
values of ¸ and ° . The distribution degenerates into the normal law
when ® D 0 and ¯ D 1.

The intermediate,partial type of piecewise-Gaussianlaw appears
if the ¯ parameter is � xed and only ® is varied. It means that instead
of there being four sections in expression (9) there are only two:
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imposed on horizontal shifts without any vertical change. By this,
the possibility of simultaneous kurtosis simulation is lost but sim-
pli� cation of skewness approximation is possible. The coef� cients
of the binormal law (13) dependon the one non-Gaussianparameter
® according to the following expressions:

º D ¡®
p

8=¼; Q.®/ D
p

1 C [.8=¼/ ¡ 3]®2 .14/

IV. Application of Piecewise-Gaussian Laws
and Results of Fitting Instantaneous-Value Probability

Distributions of Strain Responses
The formulas (10) and (11) give a possibilityof determining kur-

tosis and skewnessmagnitudes for tetranormalprobabilitydensities
with prescribed values of their parameters. However, for approx-
imation of experimental distributions it is necessary to consider
the contrary problem and � nd parameters ® and ¯ of the analyt-
ical law (9) starting from kurtosis °x and skewness ¸x values of
the histogram. For this objective, the set of two nonlinear equa-
tions

¸a.®; ¯/ D ¸x ; °a.®; ¯/ D °x .15/

has to be solved with left-hand sides governed by formulas (10–

12). Then the remaining coef� cients C; ½; Y; Q; H , and D j in for-
mula (9) are calculated with assistance of relationships from
Ref. 11.

Computer tests of the developed piecewise-Gaussian laws have
shown that they provide combinations of kurtosis ° and skewness
¸ values (Fig. 7a) unachievablefor Pearson’s IV type (5) and John-
son’s Su type (6) distributions with unlimited range of change of
argument (Fig. 7b). Kurtosis values less than 3 have become avail-
able with the use of tetranormalprobabilitydensities.This shouldbe
emphasizedbecause they are inherent in most of the strain response
distributions in the CFRP plates tested (see Figs. 3b, 3c, and 5).

The binormal distribution (13) does not involve a kurtosis value
and provides just skewness simulation.As a consequence,the set of
equations (15) transforms only to the � rst equation simpli� ed with
¯ D 1. Its solution yields the following expression for determining
the single non-Gaussian parameter ® in terms of the prescribed
skewness value ¸x :
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Combination of skewness and kurtosis magnitudes created by such
an approximation is shown by a line (dashed curve in Fig. 7a) and
not by an area as with the more general tetranormal law.

Accuracy of the proposed method gained during approximation
of the considered distributions of CFRP plate strain responses is
shown in Fig. 8. An experimental probabilitydensity function from
theverticalgaugeat thecenterof the plateunder154-dBexcitationis
comparedwith a normal law (Fig. 8a) � tted in terms of varianceonly
and with the tetranormal law (Fig. 8c) � tted in terms of variance,
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a) Tetranormal law (within the solid curve) and binormal law (along the
dashed curve)

b) Pearson law (within the dashed curve) and Johnson law (within the
solid curve)

Fig. 7 Ranges of kurtosis and skewness variations with different laws.

skewness ¸, and kurtosis ° . In consequenceof computation started
from the required ¸x D 0:44 and °x D 2:5 values, the following
expression for piecewise-Gaussian approximating distribution was
obtained:
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Results of � tting by the simpli� ed binormal distribution (13) are
presentedin Fig. 8b for the same experimentalprobabilitydensityas
in Fig. 8a. As would be expected,the performanceof this simulation
of non-Gaussian strain behavior based on the skewness parameter
only is impaired in comparison with simulation in Fig. 8c by the
tetranormal law (9) taking into consideration both skewness and
kurtosis.However, there is a certain improvementof approximation
comparedwith the normal law in Fig. 8a. Furthermore, the binormal
probability density constructed,

a) Experimental distribution (——) and the normal law (– – – )

b) Experimental distribution (——) and the binormal law (– – –)

c) Experimental distribution (——) and the tetranormal law (– – – )

Fig. 8 Comparison of � tting accuracy provided by normal and piece-
wise-normal laws.
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¶
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is simpler to use because it has two sections instead of four and the
procedurefor determining its coef� cients by formulas (14) and (16)
is much less dif� cult than by the aforementioned equations for the
tetranormal distribution (9).

To quantitatively assess errors of the preceding approximation,
the chi-squaregoodness-of-�t test was employed. According to the
procedure described in Ref. 14, the discrepancy

X2 D n±

KX

i D 1

fpi ¡ PT .ui /g2

PT .ui /
.18/

was calculated between an experimental probability density given
as a histogram pi for K class intervals [ui ¡ ±=2; u i C ±=2] and
the theoretical probability density function PT .u/ represented by
the normal (3), or tetranormal (9), or binormal (13) laws. Formula
(18) gives a sample statistic, which follows the known Â2 distribu-
tion if there is an equivalencebetween the analytical approximation
and the measured data. The region of acceptance of this hypothesis
formulated as X 2 < Â 2

® is usually de� ned by the ® D 0:05 per-
centile point Â 2

® of the chi-square distribution. For the number of
class intervals K D 24 used in our calculations,the Â2 tables14 give
Â 2

0:05 D 32:7. That was the crucial value to which the � gures ob-
tained by expression(18) for all three analytical laws PN .u/; Pa.u/,
and Pa2.u/ were compared.

When this criterion is implemented, any deviation of the his-
togram pi from theoretical function PT .u/ will cause the X2 esti-
mation of inaccuracy to increase. This consists of systematic and
random errors. The systematic error is a real divergence from the
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prescribed data because of some factors not covered by the con-
structed model. The random error does not depend on what partic-
ular approximating function is used. This type of error is caused
by a � nite length of the data record and, according to the idea of
goodness-of-�t testing, is expected to be less than Â 2

® . To verify
this presumption the divergence (18) was estimated in such a way
that a systematic error was absent. The X 2 function was calculated
not between theoretical and experimental probability densities, as
explained, but between two histograms for different data samples
of the same strain signal used for the experimental curve in Fig. 8
(vertical gauge at the center of the plate under a sound pressure
level of 154 dB). Because the result obtained, X 2 D 29, was not
more than the tolerated value Â 2

0:05 D 32:7, one can assume that, if
it is exceeded during comparison of theoretical and experimental
probability densities, the cause is a systematic error.

In this study, approximation is made in terms of distributionmo-
ments that precisely describe a probability density function only if
their number approaches in� nity. Thus, the systematic error cannot
vanishentirely.For thenormal law (3)basedon variance¾ 2 (the sec-
ond moment M2 ) only, the chi-square criterion (18) reaches a very
high value, X 2

N D 780, correspondingto the fundamentaldifference
(see Fig. 8a) between the skewed experimental distribution (solid
curve) and the symmetrical Gaussian probability density (dashed
curve). Once the skewness value ¸, related to the third moment M3

by the � rst formula in Eq. (1), has been involved in the approxima-
tion process with assistance of the binormal law (13), the error of
� ttingdecreasedto X 2

a2 D 259 (solid and dashedcurvescame closer
together in Fig. 8b than in Fig. 8a). Further improvement has been
gained after implementation of the tetranormal law (9) provided
additional simulation of kurtosis ° (the fourth moment M4 ). The
chi-square value obtained, X 2

a D 78, appeared to be comparable to
the aforementioned random error. It is natural that some systematic
error still remains because the moments higher than fourth order
have not been considered.This could be done if more than four sec-
tions were taken in the piecewise-Gaussian formula (8). However,
in so doing the mathematicalsolution is inevitablycomplicatedand,
therefore, it was decided to stop at this stage with a supplementary
reason that the experimental distribution and the theoretical data
coincided satisfactorily (Fig. 8c).

The main advantage of the piecewise-Gaussiandistributions lies
in the fact that they are convenient for employment in subsequent
analytical manipulations performed after processing experimental
data. In many practicalproblems, one-dimensionalprobabilityden-
sities are presented in the integrand as a cofactor to some function
F.u/. For the normal law (3) with a zero mean value m, such inte-
grals possess a form

I D 1

¾
p

2¼

Z ¿2

¿1

F.u/exp

³
¡

u2

2¾ 2

´
du .19/

When using piecewise-Gaussianprobability densities (9), the inte-
gral spacing is broken into four sections, correspondingly,

I D
4X

j D 1

Z Ã j

Ã j ¡ 1

F.u/
C

¾
p

2¼

»
exp

µ
¡ .u ¡ ¾ a j /

2

2¾ 2b j

¶
C H j

¼
du

with the following bounds: 90 D ¿1; 9 j D ¾ D j ; . j D 1; 2; 3/,
and 94 D ¿2 . Substituting the variables w D .u ¡ ¾a j /=

p
b j with

parametersa j and b j that dependon the section number j , we come
to a relationship

I D
C

¾
p

2¼

4X

j D 1

(
H j

Z Ã j

Ã j ¡ 1

F.u/ du

C
p

b j

Z ’ j

’¤
j ¡ 1

NF.w/ exp

³
¡ w2

2¾ 2

´
dw

)
(20)

where ’ j D .9 j ¡ ¾ a j /=
p

b j ; ’¤
j D .9 j ¡ ¾a j C 1/=

p
b j C 1, and

NF.w/ D F.
p

b j w C ¾ a j /.
The expression (20) obtained has the same form of integrated

functions as formula (19) for the Gaussian law. The only difference
is that there are four integrals instead of one. Hence, it may be con-

cluded that use of the developed piecewise-Gaussian distributions
is reduced to repeated operations with exponential functions and,
consequently, this does not cause basic dif� culties compared with
application of the normal law.

V. Peak Probability Distributions
of Strain Response Processes

One of the most important problems in vibration analysis is fa-
tigue life prediction. The time to failure of structural components
under randomloadingdependson the peak probabilitydensityfunc-
tion of the dynamic response process. This function is usually de-
scribed by the Rayleigh law

f .s/ D .s=¾ 2/ exp.¡s2=2¾ 2/ .21/

assuming that the probability distribution of the response time his-
tory is close in form to the Gaussian law (3). The asymmetric ab-
normality of strain instantaneous-valueprobabilitydistributionsal-
ready discussed inevitably in� uences the peak probability density.

In the case when the dynamic response of a plate is dominated
by one of its resonant modes, we can consider the strain response
signal as a narrow-band stationary random process for which the
number of zero crossings is approximately equal to the number of
peak values. Under this condition the probability density of a peak
of magnitude s can be expressed15 as

f .s/ D
1

R.0/

­­­­
dR.s/

ds

­­­­ .22/

in terms of the averaged number R.s/ of positive crossings of the
level s by the strain response process x.t/. The function R.s/,

R.s/ D
Z 1

0

vPx Px .s; v/ dv .23/

in turn depends on the two-dimensional joint probability density
Px Px .u; v/ of the strain process and its derivative Px.t/. Taking into
considerationthat, for a stationaryrandomsignal the processes x.t/
and Px.t/ are uncorrelated,15 we assume, in addition, that Px Px .u; v/
is equal to the product of the correspondingone-dimensionalprob-
ability densities Px .u/ and PPx .v/. Because for the normal random
process this is true, for non-Gaussian processes with reasonable
distortions it can be taken as an approximate estimate. Then, the
function Px .u/ disappears from the integral in Eq. (23) and after
substitution in Eq. (22) we have

f .s/ D 1
Px .0/

­­­­
dPx .u/

du

­­­­
u D s

.24/

where the peakprobabilitydensity f .s/ of a strainprocessis de� ned
by the distributionof instantaneousvalues Px .u/ of its time history.

On approximating Px .u/ by a piecewise-Gaussian distribution
(9), thepeakprobabilitydensitybecomessimilarlyconstructedfrom
shifted and scaled sections of a Rayleigh law distribution

fa.s/ D

8
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(25)
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Fig. 9 Peak probability density function (——) of a strain signal with
skewness ¸ = 0:003 and kurtosis ° = 3:01 (horizontal gauge near
the plate clamp under 148-dB sound pressure level) compared to the
Rayleigh law (– – –).

a) Experimental distribution (——) and the Rayleigh law (– – – )

b) Experimental distribution (——) and piecewise-Rayleigh law
(– – –)

Fig. 10 Peak probability density function of a strain signal with skew-
ness ¸ = 0:5 and kurtosis ° = 3:15 (horizontal gauge at the center of
the plate under 150-dB sound pressure level).

where ¾ is the standard deviation of the strain process and k D 2 if
the instantaneous-valuedistribution Px .u/ has a negative skewness
¸ < 0 or k D 3 if ¸ > 0.

Because formula (25) has been derived on the basis of the simpli-
� ed presentationof the joint probability density of a strain process
Px Px .u; v/ D Px .u/PPx .v/, it is necessary to evaluate the accuracy
of the solution obtained before using it in fatigue life prediction.
For this purpose, extraction of maximum and minimum values has
been performed from the strain time histories measured in the ex-
periments that were described in Sec. II. Small cycles involving
negative maxima and positive minima have been ignored in this
process because they are not inherent in narrow-band random sig-
nals. The peak probability density functions were then calculated.
They are presented in Figs. 9–11 by solid curves. Only the � rst,
obtained for a low sound pressure level of 148 dB is close in form to
the Rayleigh law (21) because the corresponding strain signal was
a normal random process (see Fig. 3a).

The shapes of the other two peak distribution plots for 150 and
156 dB, similar to the instantaneous-valuestrain distributions dis-
cussed at the end of the second section, are the result of the one-
sided, in-plane strain component. Because the in-plane strains are
entirely positive, the total strain has more positive values than neg-
ative values. As a consequence, the maxima in the peak distribution
are spread over a wider interval than the minima (see Fig. 6). How-
ever, the numbers of maxima and minima are the same. Hence, the
shapeof theminimaprobabilitydistribution(solidcurvefornegative

a) Experimental distribution (——) and the Rayleigh law (– – – )

b) Experimental distribution (——) and piecewise-Rayleigh law
(– – –)

Fig. 11 Peak probability density function of a strain signal with skew-
ness ¸ = 0:77 and kurtosis ° = 3:0 (vertical gauge at the center of the
plate under 156-dB sound pressure level).

arguments in Figs. 10 and 11) is sharper than that of maxima (pos-
itive arguments).

Such behaviorof peakprobabilitydensityfunctionscannotbe de-
scribed by a symmetrical Rayleigh law (dashed curve in Figs. 10a
and 11a) that corresponds to the usual Gaussian approximation
(Fig. 8a) of the instantaneous-value probability density of strain
processes. Formula (25) for the piecewise-Rayleigh distribution
law permits better approximation of experimental peak probabil-
ity densities. However, one should not ignore the in� uence that for
a non-Gaussian strain process the joint probability density with its
derivative is not strictly equal to the product of appropriate sepa-
rate distributions as was assumed earlier. This dif� culty has been
overcome by the following two-stage calculation technique.

The � rst stage was approximation of the skewed instantaneous-
value probability density of the measured strain record by the
piecewise-Gaussianlaw (9). This procedure is based on strict math-
ematical tolls (see Sec. III) and gives satisfactory results (Fig. 8c).
Distortions occur when the parameters ® and ¯ obtained are sub-
stituted into expression (25) for analytical peak probability density,
which, because of the simplifying assumption made, appears to be
different from the experimental peak distribution. However, at the
second stage, a special iteration process was performed on the re-
� nement of parameters ® and ¯ to � t the maxima of the analytical
function (25) to the correspondingpoints of the experimentalcurve.
As a result, satisfactory accuracy of the simulation of the peak dis-
tribution has been achieved (Figs. 10b and 11b).

Figure 10 displays the results of � tting a peak probability distri-
bution (skewness value is 0.5) of the strain responsesignal from the
horizontal gauge at the center of the plate under 150-dB excitation;
the second example (Fig. 11) is for the vertical gauge under 156 dB
producing a strain signal with higher skewness of 0.77. The � nal
expressionfor the � rst piecewise-Rayleighpeak probabilitydensity
(dashed curve in Fig. 10b) obtained after the two-stage approxima-
tion procedure is
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Thus, the peak distributionmodel constructedhas a form of four
sections similar to the already considered instantaneous-valuedis-
tribution (17). Therefore, it has the same advantage of convenience
for use in subsequent analytical manipulations.

Conclusions
Experimental investigationwas undertakenin a progressivewave

tubeof strain responsesin carbon� ber-reinforcedplates subjectedto
broadbandrandom acoustic excitation typical of jet engine ef� uxes.
Probability density functions of the dynamic processes studied ap-
peared to be different from the generally used Gaussian law model
for the instantaneous-valuedistributionand the Rayleigh law for the
probability density of time history peaks. To describe these devia-
tionsof experimentaldata from the conventionaltheoreticalmodels,
the implicationsof using a piecewiseapproximationprocedurehave
been examined, and an analytical solution on the basis of skewness
and kurtosis distribution parameters has been obtained. The results
are applicable for prediction of fatigue life of � ight vehicle com-
ponents. The approach to the problem appears to be promising be-
cause its application in practice does not cause basic dif� culties as
compared to the classical solutions using the Gaussian amplitude
distribution and Rayleigh peak probability density.
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